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Abstract 

We give a short topological proof for Ruberman's Theorem about mutation and 
volume, using the Maskit combination theorem and the homology of the linear group. 

Let p : r — 5- SL (2, C) be a faithful representation with discrete, torsion-free image, 
and let M — r\H'^ be the associated orientable, hyperbolic 3-nianifold. We assume that 
r has finite covolume, that is vol (A/) < oo. 

Let S C M be a properly embedded, incompressible, boundary-incompressible, 2- 
sided surface. Let r : E — E be a difFeomorphism. We will denote by M'^ the result of 
cutting M along E and regluing via r. 

Ruberman's Theorem ([9l Theorem 1.3]) states that for some specific pairs (E,t), for 
example for the hyperelliptic involution of the genus 2 surface, one always has that Af 
is hyperbolic and vol [M'^) = vol (Af). 

The pairs (E, t) considered in [9 have in common that r has finite order and that for 
each p as above the representation p Itt^s or* : ttiE SL (2, C) is conjugate in SL (2, C) 
to p I^^E, see [9l Theorem 2.2]. 

As indicated in [21 Theorem 4.4] this is actually the only specific property of the pairs 
(E,t) which is needed. That is, the conclusion of M'^ being hyperbolic and having the 
same volume as M does actually hold for all pairs (E, r) such that p ItiE ot* is conjugate 
in SL (2, C) to p j^j^s (and such that E is not a virtual fiber). 

The proof in uses hard results about minimal surfaces. As Ruberman points out 
in [9j Theorem 4.4], an alternative proof is possible using Bers' Theorem about the de- 
formation space of quasifuchsian groups, yet another hard analytical theorem. 

The aim of this paper is to give a purely topological proof of Ruberman's result which 
does not use any facts from analysis, but rather a simple version of the Maskit combi- 
nation theorems and group-homological arguments. (The combination theorems have a 
purely topological proof in [7] , although nowadays there exist also analytical proofs using 
minimal surfaces or harmonic maps.) 

Theorem 1: Let M be a compact, orientable, connected?! -manifold with (possibly empty) 
boundary. Let p : F — > SL (2, C) be a lift of a faithful representation T IsornT^ 
PSL (2, C) with discrete, torsion-free image. Assume that p (F) \H'^ has finite volume 
and is diffeomorphic to int (Af ) = M — dM . 

Let Ti G M be a properly embedded, connected, incompressible, boundary-incompressible, 
2-sided surface which is not a virtual fiber. 

Let T : (E,(?E) (E,9S) be an orientation-preserving diffeomorphism of pairs such 
that r'" — id for some m S N and such that there exists some A G SL (2, C) with 
p (r*/i) = Ap {h) A^^ for all h e ttiE. 
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Then int (Af^) is hyperbolic and vol (M"^) = vol (M). 

The proof of vol (Af^) = vol (M) will follow an argument analogous to the proof of 
[51 Theorem 2.13] but will use the constructions from 5, Section 4] to handle the case of 
manifolds with several cusps (where relative group homology does not directly apply). 

1 Preliminaries 

Let M be an orientable, complete, hyperbolic 3-manifold of finite volume and S a properly 
embedded, 2-sided surface. Let F — niM. (We assume without further mention M and E 
to be connected and we omit basepoints from the notation.) The monodromy has image 
in Isom+ (H^) = PSL{2,C). By Culler's Theorem ^ Corohary 2.2] the monodromy 
comes from a representation p : F — > SL (2, C) and we will henceforth assume such a 
representation p to be fixed. 

Let T : E — !> S be a diffeomorphism. Throughout the paper we will work with the 
following assumption on (E,t): 

Assumption 1. There exists some A e SL (2, C) with 

p{T,h)=Ap{h) 

for all h G vriE. 

An obvious example where this condition is satisfied, is the case that E is totally 
geodesic and r is an isometry of the induced metric. In this case one can upon conjuga- 
tion assume that p{ttiE) C S'L(2,R) and then A is an elliptic element in 5i(2,R) C 
SL{2,C). 

Less obvious examples are provided by |H1 Theorem 2.2] which asserts that |AssumptionT] 
holds whenever (E,t) is what [5] calls a symmetric surface, for example if E has genus 

2 and r is an hyperelliptic involution, or for certain symmetries of the 3- or 4-puncturcd 
sphere or the 1- or 2-punctured torus. For these symmetric surfaces (E, t) , [Assumption T] 
holds regardless how E is embedded (as an incompressible, boundary-incompressible sur- 
face) into a hyperbolic 3-manifold M . 

Let M'^ be the result of cutting M along E and regluing via r. Since E is a 2- 
sided, properly embedded surface, it has a neighborhood ~ E x [0, 1] in M , and a 
neighborhood iV^ ~ E x [0, 1] in Kr . The complements M - int (N) and M'' - int (TV) 
are diffeomorphic and we let X be the union of M and AI'^ along this identification of 
M — int (N) and M'^ ~ int {N'^)- The union of N and N'^ yields a copy of the mapping 
torus T"^ in X. 

Let TTiM =< S I R > be a presentation of ttiM. The Seifert-van Kampen Theorem 
implies 

TTiX ^< S,t\ R, tht-^ = (h) y he vTiE > . 
If [Assumption 1| holds, then we have a well-defined representation 

px : TTiA 5i(2,C) 
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by px {s) = p (s) for all s G S' and px [t) — A. 

Composition with the homomorphisms niM ttiX and ttiM"^ t^iX induced by 
the inclusions yields the given representation p oiiT\M and a representation p'^ of ■k\M'^ . 
We will show in the Section 2 that under certain hypotheses (namely that S is incom- 
pressible, boundary-incompressible and not a virtual fiber) the representation p"^ will be 
discrete and faithful and therefore M'^ is a hyperbolic manifold (although X is not). 

For use in Section 2 we mention that the Seifert-van Kampen Theorem also allows a 
description of TTiiVf^ (as a subgroup of niX with the above presentation), where we have 
to distinguish the cases whether the surface E is a separating surface in M or not. 

If an incompressible, 2-sided surface S separates M into two submanifolds Mi and 
M2, then TTiM = mMi *7riE ttiM2 is the amalgamated product of ttiMi and 7riM2 over 
TTiS for two monomorphisms (pi : ttiS — ^ ttiA'/i, 4>2 : ttiS ^ ttiM2. For the mutation Af^ 
we obtain that ttiM^ is the amalgamated product of ttiMi and tTriM2t~^ amalgamated 
over TTiS via the monomorphisms ipi : ttiS — > ttiMi, ?/)2 : ttiS 7riM2 defined by 

V-i {h) = 01 {T,h) , 02 (h) = t02 (h) t-^ 

for all h e TTiE. 

If an incompressible, 2-sided surface S does not separate M, then there is a mani- 
fold TV with dN = Si U S2 such that M is the quotient of N under some diffcomor- 
phism / : Si ^ S2. We assume the basepoint xq to belong to Si, let u be some 
path in N from xo to f (xo), let Ki = ttiSi and let K2 C ttiA'' the subgroup of all 
based homotopy classes of loops of the form u * a * u, where a : [0, 1] S2 with 
a(0) = o-(l) = /(a:o)- Then mM = t^iN*^ is the HNN-extension of ttiN for the 
two monomorphisms 4>\ : K\ ^ ttiA'', ^2 : K2 ^ niN induced by the inclusions and the 
isomorphism a : Ki ^ K2 defined by a ([cr]) = [u * / (cr) * m], where [a] is the based ho- 
motopy class of a : [0, 1] — ?■ Si with u (0) = a (1) = xq. Let v be the extending element. 
For the mutation M'^ we obtain that ttiM^ = 'KiN*oit, is the HNN-extension of ttiN, 
with extending element vt, for the same monomorphisms (j)i-,(l)2 and the isomorphism 
ar* : K\ — >• K2. 

We mention that X clearly is not a manifold, let alone a hyperbolic one. In fact, 
the representation px is not faithful and its image is not torsion-free, as the following 
elementary observation shows. 

Observation 1. Let p :T ^ SL (2, C) he a discrete, faithful representation of a torsion- 
free group, let M ~ p (F) \H"^ be the associated hyperbolic 3-manifold, and let T, C M be 
a properly embedded, incompressible, boundary-incompressible surface. Assume that S is 
not boundary-parallel. 

Let T : S — >■ S be a diffeomorphism such that r™ = id for some to G N and such that 
there exists some A € SL (2, C) with p {Tt,h) = Ap [h) A~^ for all h € ttiS. 

Then A™ = ±1. 

Proof: We have A'^p (h) vl"™ = A'^-^p [r^h) = ... = p (t™/i) = p Qi) for 

all /i e TTiS, thus A"^ conjugates p (ttiS) to itself. 
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If E is not boundary-parallel, then the image of ttiE in Isom~^ {^^) contains at 
least two non-commuting hyperbolic elements. The corresponding matrices in p(7riE) C 
SL (2, C) are then diagonalisable with respect to two distinct bases. 

A matrix that conjugates a diagonalizable 2-by-2-matrix (with 2 distinct eigenvalues) 
to itself must be diagonalizable with respect to the same basis. Thus the conjugating 
matrix A'" G SL (2, C) must be diagonal with respect to two distinct bases. This im- 
plies, by elementary linear algebra, that A"^ is a multiple of the identity. Together with 
det (A™) = 1 this enforces A™ = ±1. QED 



2 Discreteness of recombinations 

Let M be an oriented (and connected) compact 3-manifold with boundary such that its 
interior int (M) = M — dM is hyperbolic. The hyperbolic structure is given by the 
conjugacy class of a representation ttiA/ PSL {2,C) which by Culler's Theorem [H 
Corollary 2.2] is the composition of a representation p : niM — > S'L(2,C) with the 
canonical projection PSL {2,C) — >■ >S'L(2,C). For a diffeomorphism r : E — > E we let 
p'^ : TTiM^ — > SL (2, C) be the representation defined in Section 1. 

Proposition 1. IfSc M is a properly embedded, connected, incompressible, boundary- 
incompressible, 2-sided surface, which is not a virtual fiber, and if \Assumption l] holds 
for a diffeomeorphism t : E E, then p'^ (ttiM'^) is a discrete subgroup of SL (2, C). In 
particular, int (M'^) is hyperbolic. 

Proof: Since E is incompressible, boundary-incompressible and not a virtual fiber, 
H := p(7riE) is geometrically finite by the Thurston-Bonahon Theoreir^. This implies 
that the limit set W = A (H) C 9ooH'^ is a quasi-circle, in particular a Jordan curve. The 
Schonflies theorem implies that W decomposes i9ooH'^ = S'^ into two topological disks. 

We distinguish the cases that E is separating in M (and thus in Af^) or not. We wish 
to apply the Maskit Combination Theorems 7, Chapter VII] and have to check that their 
assumptions hold for (ttiA/^). 

Case 1: E is separating. Then we obtain from Section 1 that G = p{ttiM) is 
an amalgamated product G = Gi *h G2 with Gi — p(7riAfi) and G2 = p(7riA/2)- The 
complement of the limit set dooH^ — W consists of two open topological disks Bi, B2 such 
that Bi is precisely _ff-invariant in Gi for i ~ 1,2, that is 

h {Bi) cBi y heH 

g{B,)cB3_, ygeG,-H. 

To apply the first Maskit combination theorem we have to check that the analogous 
condition is satisfied for the decomposition of G"^ := {ttiM'^) as amalgamated product 
of Gi and AG2A~'^ over H. 

^ The Thurston-Bonahon Theorem is a combination of results in [6] , |10| , [l] . An exphcit statement can 
be found in [3] Theorem 1.1] or [H Corollary 8.3]. 
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We already know that h{Bi) C Bi fov h € H and g{Bi) C B2 for g £ Gi - H. We 
have to check that AgA~^ {B2) C Bi for g e G2 - H. 

|Assumption 1| iniphes that conjugation by A € SL (2, C) maps H to H, thus A and 
A~^ map the hmit set W = A (H) to itself. Since A is orientation-preserving it must 
then also map Bi to Bi and ^2 to Hence g {B2) C i?i implies AgA^^ {B2) C i?i for 
geG2-H. 

The first combination theorem implies then that G"^ is discrete. 

Case 2: S is non-separating. Then we obtain from Section 1 that G — p(tx\M) 
is an HNN-extension G = Go*q of Go := p{ttiN) for some isomorphism a : H ^ H2, 
where := p (i^i) = p (ttiEi) , i?2 := P (^^2). 

Let / = G G be the extending element of the HNN-extension G = Go*a and 

let IV2 = f (W) C 9ooH'^. Then and W2 are disjoint simple closed curves and the 
complement dooH^ — {W U W2) consists of two open topological disks Bi, B2 and an open 
annulus R such that Bi is precisely i7i-invariant in Go for i — 1,2 and, moreover, 

fiRUB2)=B2. 

To apply the second Maskit combination theorem we have to check that the analogous 
conditions are satisfied for the description of G"^ := p"^ (ttiM"^) as an HNN-extension 
Gr = Go*QT. for the isomorphism ar* : H H2, with extending element p (vt) — f A. 

This is clear for the first condition: we already know that Bi is precisely _ffj-invariant 
in Go. 

|Assumption 1| implies again that A and A^^ map the limit set T4^ = A [H] to itself. 
Since A is orientation-preserving it must then also map Bi bijectively to Bi and RU B2 
bijectively to RU B2. In particular f {RLI B2) — B2 implies 

fA{RUB2)=B2. 

The second combination theorem implies then that G"^ is discrete. 

QED 

One may wonder whether it is possible to apply the topological combination theorems 
([71 Theorem VH.A.12.,C.13.]) directly to the actions on H"^ rather than to the actions 
on 9tx)H^. Letting ^ : be the "lift" of r defined as the lift of the isometry 

4> : p(7riE)\H^ — > p(7riS])\H'^ from Lemma 2.5.] this would require to have a (p- 
invariant copy of S in H'^. The main part of the argument in ^ actually consists in 
providing such a 0-invariant surface, using heavy machinery from the theory of minimal 
surfaces. The advantage of using the combination theorem for the action on 9ooH^ instead 
of the action on H"^ is that one can avoid this machinery. 



3 Volume of mutations 

3.1 Recollections 

We recollect some constructions from [5] 
of Theorem 1, in particular to handle the 
group homology does not directly apply. 



Section 4] which will be needed in the proof 
case of disconnected boundary, where relative 
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Let {X, Y) be a pair of topological spaces. Assume that X is path-connected and Y 
has path-components Yi , . . . , • Let F = tti (X, x) . Using pathes from jji to x one can 
fix isomorphisms U : tti {Yi,yi) Tt to subgroups C F for i = 1, . . . , s. 

As in Section 4.2.1], we will denote by DCone {Uf^iYi X) the union along Y of 
X with the disjoint cones over Yi, . . . ,Ys. Let : X ^\ BT \ be the classifying map for 
TTiX. (We consider BT as a simplicial set and denote | BT \ its geometric realization.) 

As in [SI, Definition 7] we denote BT''°'^p = DCone (U^^^^BF, BT), that is the quasi- 
simplicial set which is the union along Uf^iBTi of the simplicial set BT and the cones 
Cone (BTi) over BTi with cone point for i = 1, . . . , s. ^I^x extends to a continuous 
map ■■ DCone (Uf^^Fi X) -)-\ BT''°'^v |. If X and Fi, . . . , are aspherical, then 
composition of )^ with the isomorphism t : if* (| BT''°"^p |) (sr'=°"P) yields 

the inverse of the Eilenberg-MacLane isomorphism: 

I o {^x), = EM-^ : {DCone (Uf^iF, ^ X)) ^ ii,^'"P (SF'^""") . 

In particular, if M is a compact, connected, oriented, aspherical manifold with aspherical 
boundary dM — diM U . . . U dsM , then there is for * > 2 a canonical isomorphisnH 
ii* (M, dM) = iJ, {DCone {Uf^^diM M)) and we obtain the isomorphism (|51 Lemma 
8]) 

EM-^ : {M,dM) ^ iif"^ (sr'^'""^) . 

Now assume that int {M) = M — dM is hyperbolic and p ; F — ;> SL (2, C) is a 
representation defining the hyperbolic structure. As in [SJ Definition 6] let 

BSL (2, C)"°"P = DCone {(Jcea^n^BSL (2, C) ^ SS^L (2, C)) , 

where each of the cone points of the disjoint copies of Cone {BSL (2, C)) is identified with 
a point c e 9ooH^. 

Assume that vol {AI) < oo. Then for each i — 1, . . . , s there is a unique G 9ooH'^ 
with Fi C Fix (q). Therefore Bp : BT ^ BSL (2, C) can be extended to 

Bp : BF™'"^ ^ BSL (2, C)"""" 

by mapping the cone point of Cone {BTi) to the cone point q £ 9ooH'^ of BS'L (2, c)*^"™^ 
with Fi C Fix {ci). 

In [H Section 4.2.3] we defined a cocycle W3 G C^j^p (-BS'L (2, C)'^"'"'' ; R) whose 
cohomology class [cF^] , by the proof of [5] Theorem 4] , satisfies 

< [ciT^] , (Bp), [M, >= vol (M) . 

In particular, vol {M) is determined by the element 

{Bp)^ EM-^ [M, dM] e H'^'"'P {BSL (2, C)"'"'" ; Q) . 

^An explicit realisation of this isomorphism is as follows. Let 2 £ Z» (M, dM) be a relative cycle, then 
dz G (dM) and thus z + Cone (dz) G Z, {^DCone (uf^^9iM -> M^^ is a cycle. This induces an 

isomorphism in homology. 
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3.2 Proof of Theorem 1 



Theorem 1. Let M be a compact, orientahle, connected 3-manifold with boundary dM . 
Let p :T SL (2, C) be a lift of a faithful representation T — Isom~^ (H'^) = PSL (2, C) 
with discrete, torsion-free image. Assume that p{T) \H.^ has finite volume and is diffeo- 
morphic to int (M) = M - dM. 

Let T, a M be a properly embedded, connected, incompressible, boundary-incompressible, 
2-sided surface which is not a virtual fiber. 

Let T : {T,,dT,) — > be an orientation-preserving diffeomorphism of pairs such 

that = id for some m 6 N and such that there exists some A G SL (2, C) with 
p{T^h) = Ap{h)A''^ for all h e ttiS. 

Then int (M'^) is hyperbolic and vol (M'^) — vol (M). 

Proof: We have proved in |Proposition 1| that M"^ is hyperbolic, that is the repre- 
sentation p'^ : TTiAf"^ SL (2, C) is faithful and has discrete image. 

Let X be constructed as in Section 1 and let dX ^ X n {dM U dM^). Let := mX 
and let px '■ L^ -> SL (2, C) be the representation, defined in Section 1, with px |r= p 
and Px (t) = A. 

The construction of X implies that 

iM* [M, dM] - iM^. [M\ dM^] = iT-* [T\ dr] e i/3 (X, OX; Q) , (1) 

where iM,iM-^,iT^ are the inclusions of M,M'^ and the mapping torus T"^ into X, 
and [M,5M] , [Af^,9A//^] , [T^,aT^] are the fundamental classes in homology with Q- 
coefficients. 

We observe that the path-components diM, . . . ,dsM of dM are in 1-1-correspondence 
with the path-components diM'^, . . . , dgM'^ of dM'^ and with the path-components diX, . . . , dgX 
of dX. To each path-component 9jS of dY, there is some path-component di^M of dM 
with djT, C di-M. The path-components djT, are in 1-1-correspondence with the path- 
components djT'^ of T"^, and we have then djT'^ C di X. 

We choose the base point a; of F = tti (M, x) to belong to MnAf^ nT"^, for i = 1, . . . , s 
the base point Xi of tti {diM, Xi) to belong to diM n diM'^ D dT'^, and for all j the base 
point yj of tti {djT^, y-j) to belong to djT'' n d^M r\ di^M'' . 

Let i £ {l,...,s}. Recall that a path pi from Xi to x yields an isomorphism U : 
TTi {X,x^) -> TTi {X,x). Let Ff = ?i (tti {diX,x^)) C F-^ := tti {X,x), that is Ff is an 
isomorphic image of tti {diX,Xi) in F"^. We can choose the path in M n M"^, thus if 
idiM* '■ 1^1 {diM,Xi) — > TTi Xi) is induced by the inclusion ig-M ■ diM diX, then 
jdihih \-Ki(diM,xi)— hidiM*, where jdiM ■ — > L^ is the inclusion. An analogous fact 
holds by replacing M with M"^. 

For each yj G djT'^Cidi^ MCidi^ M'^ we can choose a path from yj to Xi- in di- MCidi^ M'^ . 
This yields an isomorphism Ij from tti {djT'^, yj) to a subgroup of vri {di-M, XiJ . Compo- 
sition of Ij with li^ yields an isomorphism from tti {djT'^ , yj) to a subgroup FJ of F. The 
same pathes can be used to construct an isomorphism from tti {djT'^,yj) to a subgroup 
of F"^, and both images are then by construction the same subgroup of F^. 

By Section 3.1 Bp extends to a simphcial map Bp : BF™"? BSL (2, C)'^"™'' where 
the cone point over BTi is mapped to the (unique) with F^ C Fix{ci). However 
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Bpx '■ BT^ — >■ BSL (2, C) does not extend to (^bT-^Y""^^ in such a way that restriction 
to BT'^°"^P would give back Bp. Indeed in general there is no Ci 6 dooH^ with px {^f) C 
Fix{ci). (This is because px [t] = A is not parabolic but elliptic.) Therefore we have 
tcH go to a finite cover as follows. 

Let TTiX =< S,t I R,tht^^ — r, (h) V h G ttiS > be the presentation from Section 1. 
Then 

a{t) = l,a{s) s e S 

yields a well-defined, surjective homomorphism 

a : niX -> Z/2toZ. 

Let t: : X ^ X he the 2m-fold cyclic covering with F'^ :— tti (^X,ij = ker (a) for some 

X G TT^^ (x). For each i G {1, . . . , s} we let diX C X be the preimage of diX, we fix the 
preimage pi of the path pi ending at x, and use pi to define the isomorphism from nidiX 
to a subgroup Ff C F^. Then n (pi) ^ pi implies tt* (vf'j C Ff . 

X contains a copy of ExS^ which is a 2m- fold covering of T'^. Let M — tt~^ (M) , M'^ = 
7r~^ (Af^). Since a \^-^m is trivial, M consists of 2m copies of M. If E is separating, then 
a UiM^ is trivial, thus also M'^ consists of 2m copies of Af^. If S is non-separating, then 
a UiM^ is surjective, thus A/"^ is a connected 2TO-fold covering of Af^. 

Consider the transfer map tr : {X, dX\ Q) — > iJ, ^X, of the finite covering 

X ^ X. Application of the transfer map to |Equation 1| yields 

= isxsi4^xS\5ExSi] (2) 

in iJa [^X , dX; Qj , where i» denotes the respective inclusions into X. 

Composition of tt, : ttiX — ?• iriX with the representation px ' ttiX — >■ SL (2, C) 
yields a representation : F^ — > 5*^ (2, C). Bv lObservation ij we have A™ = ±1, thus 
= 1. Recall that px (t) = A, thus p^ (t^™) = A^" 1. 

The Seifert-van Kampen Theorem implies that tt, (j^f^ is generated by i^™ and 

elements of F,. Since px {t'^"') = A^™ = 1 this implies p^ (vf^ = px (F,) C -Fia; (q). 
Thus we can extend 

Bp^ : (bF^ j ^ (2, C)"°"^ , 

by mapping the cone point over BVf to c^, such that Bp-^Bj = Bp for the homomorphism 

of pairs j : (F,Fi) — > (v^ ,Tf^ induced by the inclusion i : M X. 

We do not know whether X and X are aspherical or not, but we do have the classifying 
map : X — >| BT^ |, whose restriction to diX is (upon a homotopy) the classifying 

^If M is a closed manifold, then one can use Bpx as in [S] Theorem 2.13] and does not need to go to 
a finite cover. 



M* 



IVLdM 



Ar,dAr 
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map diX — j-j BVf \ and which therefore extends to 



BY 



X 



comp 



: DCone (ut^^^diX X 

Let Pi : E X E be the projection to the first factor, then 

(l Bp^ I - (l Bp^ I *^iExSi) : DCone (Uj-a.E x ^ E x S^) ^| BSL (2, C) 

are homotopic since E x and djT, x are aspherical and since the induced homo- 
morphisms between fundamental groups agree because p^ sends the generator t^™ of 
TT, (ttiSI) C vr, (tti (E x S^)) to A^" = 1. 
Since 



comp 



Bp^ I *j?*sxsi)^ - (I Bp^ I ^^i^Pi)^ : (S X S\d^ x S^) ^ i/3 (I BSL i2,C) 
factors over H3 (E, (9E) = we obtain 

Sp^j I *^*sxsi) [E X S\9E X Si] =0. 



comp 



Thus lEquation 2| implies 
BPx\''x^m)\m,OM 



- ( (I I 



eH,{\BSL (2,C)™"^Q|) 
(3) 



Let Ml be the path-component of M with i G Mi , let : Mi — !■ X be the inclusion 



and Ii : M — ^ il/i the homeomorphism inverse to tt 
the induced homomorphism, then we have p = p^ji and therefore 



Ml 



Bp^ I ^Si'Qh) = (I Sp? II B,n I *A/) = (I I ^-m), - (I Bp \)^i-'EM-' - {Bp)^EM-^ 



(where t : i/* (| • |) -ff*™'' (.) denotes the isomorphism between singular and simplicial 
homology) . 

If Ml is another path-component of M , then we have a deck transformation ai : X 

X with (T; 



(Mr) 



Ml. We denote /; = aili and obtain by the same computation 

~ {Bp)^EM^^ . If E is separating, then the same argument 

applies to the path-components of M'^: let Ml be the path-component of M^ with 
X G M;j^, let II : M^ Aff be the homeomorphism inverse to tt |^^ and IJ — ail^, then 



M^,dM^ 



we obtain ( | Sp^ | ^^i^Jl ) = [Bp^, EM 



- x'mt I 



We have 



M,(9M 



-^i* [^'^1 dM] and, if E is separating, also 



Thus [Equation 3| implies 



2m (Bp)^ £;M-i [M, aM] = 2m (Bp^), SM'^ [M^, ^M^] 
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if Tj is separating, respectively 



2m (Bp)^ EM-^ [M, dM] = (Bp^)^ EAr 



with p'^ := p^ (*mt) ^ non-separating. (In the latter case A'H was connected.) 
By Section 3.1 we have 

< [cT^] , (Bp)^ EAr^ [M, dM] >= vol (M) , 

< [cU^] , (Bp'')^ EM-^ []Vr, dAr] >= vol [W) , 
and, if E is non-separating, 

< [a7§] , (Bp^)^ EM-^ M\ dM^ vol {m^^ = 2mvol {Ar) 
Hence vol (M) = vol {NF). 

QED 

Remark: The assumption that S is not a virtual fiber is needed "only" for the proof 
that M'^ is hyperbolic, that is for the application of [Proposition 1[ 

If S is a virtual fiber then Af may or may not be hyperbolic. For example, if AI = T°' 
is a mapping torus of a : S — >■ S, then M"^ is the mapping torus of a o r : S — >■ S. By 
Thurstons hyperbolization theorem, the mapping torus T" is hyperbolic if and only if a 
is pseudo-Anosov. However, if a is pseudo-Anosov and r is of finite order, then aor may 
or may not be pseudo-Anosov, so there is no general statement whether AI'^ is hyperbolic 
or not. 

Examples for both phenomena can be easily found in 5i(2,Z), the mapping class 
group of the once-punctured torus. Here Anosov diffcomorphisms correspond to hyper- 
bolic elements in 5*^ (2, Z) and finite order diffcomorphisms correspond to elliptic elements 
in SL (2, Z). One easily finds hyperbolic elements Ai,A2 and elliptic elements Bi, B2 such 
that AiBi is hyperbolic while A2B2 is not. 

However, if M"^ happens to be hyperbolic, then the proof of [Theorem II shows that 
vol {AE^) = vol (M) even if E was a virtual fiber. 
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